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This report continues the development of the equations of motion of a three-degree-of-
freedom typical section in two-dimensional, incompressible flow begun by Balakrishnan in
reference 1. The goal of this research is to investigate active aeroelastic control concepts
such as flutter control and gust alleviation, although the present study is 6f independent

interest as a development of unsteady aerodynamic theory.

The design of active aeroelastic control schemes is greatly aided by the availability of
mathematical models valid for arbitrary motions. Reference 2 discusses methods of deriving
such models from airloads derived for oscillatory motions; references 3 and 4 present similar
formulations for Theodorsen's problem involving inverse Fourier transformation to obtain impulse
response function airloads for use in convolution integral solutions of the equations of
motion. Although these formulations are mathematically correct, the calculations are cumber-
some and involve functions available only in tabulated form. Consequently, few examples of
the exact transient response of airfoils excited by either control surface motion or gusts
have been calculated. More common are calculations using finite state, rational function

approximations for the unsteady aerodynamic airloads.

In order to provide a basis for the analysis of aeroelastic control schemes, this report
develops the exact transient response of a three-degree-of-freedom airfoil (pitch, plunge,
and flap) forces by flap motions and gusts. The development makes extensive use of special

time-domain functions derived from a function studied by Kussner (Sears, ref. 5).

Chapter 2 summarizes the basic equations of incompressible, two-dimensional flow and
Chapter 3 derives expressions for the circulation on the airfoil. Chapters 4, 5, and & derive
the 1ift, pitching moment, and flap moment expressions, while Chapter 7 adds the sectiop
dynamics to give the complete equations of motion as a set of coupled, integro-differential
equations. Chapter 8 then gives the steady state airfoil displacements, pressure distribution,
and airloads due to flap deflection. In Chapter 9, approximations to the transient response
model are introduced for the special cases of zero stream velocity, cmall time, and large time.
In addition, a numerical solution technique is given for the solution of the general case and
examples of the exact transient response of an airfoil at several speeds are presented.

Chapter 10 completes the report with the development of the airloads upon the airfoil due to
the penetration of a frozen gust field represented as a stationary Gaussian random process.

Two appendices summarize the integral formulas and special functions used in the report.
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CHAPTER TWO

THE AERODYNAMIC MODEL: BASIC EQUATIONS
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CHAPTER THREE

CIRCULATION ON THE FOIL
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CHAPTER FOUR

CALCULATION OF THE LIFT
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CHAPTER FIVE

CALCULATION OF THE PITCHING MOMENT Ma
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STEADY STATE RESPONSE TO A STEP FLAP INPUT
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8. STEADY STATE RESPONSE TO STEP FLAP INPUT

In this section we shall calculate the steady state response
to a step input deflection of the flap, assuming system stability.

8.1 Steady State Structural Response.

We begin with the calculation of the steady state

structural response. The dynamic equations are:

M +Bi+Kx=Gu*M°x'+B}'<+Kx+Mz(°°)Z(t)
S S a a a

t .
+[M, (t-0) Z(o)do
(o]

t
+d .
——a%—{ga(t-o) Z(o) do

M, (£) = Mz(t) - M.2(°°)

Hence the steady state response obtained by setting all time derivatives to

zero and initial conditions to be zero, readily beccmes:
(K = K ) x(=) - (;f) UB* Z(®) = G u(x)

In particular, taking u(= ) = 1, we have:
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b, = DU o) e, + 2 cosTie + 2 ADug,)

S

2
i-a = (- m—p-) [U'fr'aa“- U‘2.€eos-lc - ¢ Yl-c")IB
S

+ (- m—p)U ¢, (=) [(-a)(2nle  + (2 coste + 2 l-cz)UBm)]
s

B m

g g B, rng + [(-p)] [U2 ((2+c)/3.—<:2 - (l+2c)cos-lc)am - szl(c)BQJ.
)

Or, finally:
wh, - (;T") U cy(=) (2 - (B Ve (=) (20s e + 2A-cPg. = 0
] S

0h, + [rlul + Efa+ a <—) e, ()27 Ja_
S

+ [(+a) (HT-) U c2(°°) (2cos-lc + 2/{_-;7)
s
+ (r?)LF(c;os-lc - Dl = 0
s
Oh + (;-l—p-) U2[(2+c)»’{-c2 - (l+2c)cos-lc)]am
s
2 2
+{[-—] [—Uf(c)]+r }6 = rw
m_ B8
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[etting

wt 2 0? . on Ea? (2cos7e + 24-c2)
h ms ms
2 2 0 . B e 2 A
0 rlwl - cm—s> U2 (2am+m) cmsw [(c-2a)/1-c? - (1+2a)cos 1c]
2
0 (r%') U2 [(2+c)»’l—c2 - (l+2c)cos-lc] (-;—) ;—J- [2 l--c2 cos-lc + (l-cz)
s s _
- (1+20) (cos™e)?]
2 2
T rgug _

We have, for the steady-state values in general,

Mo X (@) = G u()
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This yields for the data of Table 1

(2.5)10° 0 0 ] n, 0

0 (2.0710°  (6.25)10° R

0 (2.6)10 (6.1_1)102 8 5.625 x 102
or

h1: ¢ (0107 (79107 (-6.9)10"" 9 _

o |l= | w.s10™ (w9807 o =l- .

s J= Lo (-2.12)107°  (1.65)107 (5.625)10°
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Steady State Pressure, Lift and Moments

We can also calculate the steady state pressure distribution due to

flap deflection directly from the aerodynamic equations. We have

Steady State Dcwnwash

wa(w,x) -la,-1l<x<c

-Ua, -UB,,c<x<l

Steady State Circulation on the Foil

—— l ———
Y (o0 = 2 A% [ A
Y1l+x -1 Y1-g X=G dz
- 51;" (2Ua) - (2ug) L =X [f = Lo«
1+x T /l+x e iz
R (2u8) AT S T g| (E=elVlx_+ /TFeY /1% |,
Y1+x V1l+x v1l-x

Y{l-c)vl+x = /(Ll+c) vYI-x

. Yix (2Ua) + (228) X aelo s (ZEB) Log Y(T=a) /I¥x + /TTFc) v/I=x |
Y1+x ' vI+x /(T=c) vI¥x - /TFe) /I=X !

Note that yé(w,x) is discontinuous at x = ¢. Note also that

Ya(co’ 1) = 0 = T'"(w)

Figure 11 is a plot of the circulation, Ya(w, x), on the airfoil due to a unit

step change in flap deflection. 73



Steady State Pressure

P(=,x) = (~p) U ya(w,x)

Steady Stats Lift

1
f-l P(=»,x)dx

cC
]

1
(=p) U jl Y, (=,x)dx

(-p) Uz{ 27a + 28 cos” c+—

28 ]’l A2

(=p) U'2 {2ma + 28 ccs-lc + (28) et}

Steady Stats Mcrent Ma

]

M, = (-9 U S_l (x-a) v (=,%)dx
= (=0) P ([(-T -2ama - ((1+2a)cos lals + z—f,-

(-Q)U'2 {=(2a*L)ma + 8 [=(2a*l)ecs 7c + (e=2a)

74
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Steady State Mcment MB

.1
My = (-0)U sc (x=c) Y, (®y%0dx

s (o) P [(2+e) A? - (2ee1) os ela

2

+ [ % (24c) V1-c” = %-(2c+l)cos-lc1 (cos-lc)]B

T e = g &
ol /l-xz

= (-o)UZ{ [(c+2)¢1—cZ - (1+22) cos'cha
+ <%» [2/{-c2 cos ™o - (1+22) (cos™ie)? + (1-c?) 18}

Finally noting that the steady state response to step input (unit flap
deflecticn) is determined by:

. - L

K x -m— + GQu

]
E

we obtain
[ 2 1 P
w 0 0 —— 0
n ms
M
- a
Q ruw 0 X, = . . 9
S
22 : 22
LO 0 réde n% erB

leading <o the same equatricns as before.



In particular, for the data of Table 1, we have:

P 7. 2
ms uh * h - 975.00
M

—& = - n2 2 - - -

N ksxaa - Qu = T2, = 700
M| 22

ms = rBwB(B°° 1) 38.25

A plot of the steady state circulaticn on the foil is given in figure 2.
Nete the legarithmic discontinuity at the hinge point x=c. Nota also that

the Xutta condition is clearly satisfied at the traiiing edge.
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Calculation of functions fl(c) and fz(c), gl(c) and gz(c).

fl(c) z

2o

jl AL jl LTI S
[} C

+x -C X-c

1 1l .
- ?Zr_ [- j’ vI=x (x=c)dx cos'lc _ j (x-c) log v(1-c)(Ll+x) + /(T a)(i-x) @]

i

c [ TI=TTTT - AP (|
where we have used:
51 DT L o oo e R (DT + ATOTD
c /IT *¢ == YTIRI(I) - ey ()

Now the second integral in brackets can be integrated by parts noting

d 1o V(1l=c)(lex) + V{1+c) (1-R)
= g
Y(l-c)(1+x) - /{T+c) (1-x)
= - ‘-Cz i.
prval
A’
We have:
1

j‘ (x-c)lcg Y(1-c)(1l+x) + /(1+c)(1-x) o

c YTI=2I(17%) - /{1+e) (i)

= J'l '{'Cz . (XEC)2 L2 ks %_/‘_CZ Ig: (cos8 - c)as

c A —x2
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Now the first integral:

l ——
J 7l-x (x-c)edx
c ¢I+x
1
s 7 Leerhc? (2e+1) cos™Le]
Hence
fl(c) z %— [(2c+l)(css-lc)2 - (2+c)/{—c2 cos'lc - (l-c2) + <:>/{-c2 c:s'ch
= % [C2c+l)(cos-lc)2 - (l-cz) - 2/{-c2 c:s-ch
Nex®
1 = 3
£,(e) = -Tzr- J‘ =X (x-c)dx [ LT EC dz
c +x c -Z X
1
= (2% J’ X (xc)cc f A S
T - = = X~Z
1
= (2 f =X (x-c)ax j AETHN
m c /Itx c /I=Z
+ (i) Jl ==X Y1+ MY _d_C_
T TI% ﬁ-? X=

The first term is

= (_—r—l-) [(l+c)ccs-l<: + (Yl-c )(cz—c-Z) + % (/{-cz)aj . (cos-lc + /.;-czj
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The second term is:

B
F ) e B g | &
c i+X ~=X

and by integration by parts

1 2 3
=°§T L (—iﬁ)-ﬁz-cx-cz-%]dx
Cc /l_xé

¢
= - g'__ I ,/{-c2 (2 00526 - Cc s - c2]d8
o]

since a ready integration shows that

1
1 1 -
fc""*z* < & =0

2 -1
1-c") cos ~e

Hence

(c) = L1

-
F4 T

tn

S - :? -
%—ﬂ /1-c* [cos lc: + o=t - c»/{-cz - c2 oos lc]

1[(1+c)ecs™ lc + (c —- 7)/1 + —(»/ —ﬁz) J(cos™ ‘c+/{-c )+



1 1
g () = 2 g (x-0)? X 4 j AT 1 o
e /¥ ¢ /AT X
1 = T
= % j (x-c)? 22X gy [ cos™le - X log |
e YIvx =
1 T
== (- cos™te) I (x=c)? 22X
c /I¥x
1
2 2
-= jc (x=e)° log | | &

2nd term, by integration by parts

-2 Sl (x=c)° /{~c2 . L dx
m c 3 -x2 x-=c

w
=

I I ol g A L
S J’c ~ —éx:Z =

$
J’ %i—cz (cos?8 + 2 - 2c cos8)ds
0

"

[
W
=]

,{] 2 -1
sz o 2= { ccg S + c/{-cz + czcos'lc - 2c¢{-c§]

3T

(1]
]
I'J

—
Ac? [(l+2c2) cos1c -%c/l-czl

(o8]
=
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The first term

= - 2 os7Le § (x-c)? =X 4y
c /I+x
2 -1 . 1-2c + 2&° 11 2 2
= - = cos c[(——-z-—) cos ¢ - & (2c® + 9¢c + 4) vV1-¢“ ]

Hence

6 2 2
g,(c) = (v'{—cz) = Z;C - Qt2e) -1

™ c+13'-n-(2c2+9c+!+)]

- £ (cos7ie)? (1r2cr2c?)

1 s
= - % j (x—c:)2 =X @y ¢ (cos Te + /€-c2)
o] vI+x
2 (Y2 Tx AT,
=-2 j (x-c) s dz
i c +X c /I &-x
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Now

Il AT 1,
c /IT X

Hence 2nd term in gz(c) is:

1 =

_;Zr_ & *(x—c)? =X 4% cos e
< vi+x
1

- Ic x(x-c)? log || &

j‘l (f__,, c2x2 2cx3 cu) /{~c2 . &
c

2
- h3(c) - F

Now
2 1 2 /I=x
hyte) = 2 j x(x—c) ax
o} Y1+
2 ? 2
= = { (cosg - ¢)® cos8 (1 - cos8) dg
m 0
$
= % [ (-c.:sua + (1+2c) cssae - (c2 + 2¢c) ccsze - czccse) d9
8]
2 3 3 . 1. 3 : sinds
= = {-§¢ - §5ing cos¢ = S <osTe + (1+2¢) (sing _
142

- (c2 + 22) ( %4' % siné cos¢) - c2 sing}



=% {(cos™e) (c+§— -%)4' _CZ(Z_E_ -SEC)}
Next

2 J,1 P S {2 &
T c N 2 3 ﬁ_ﬂ X-C

2 (11 2. .3 2. 2. . 3. &
= = j(ﬁ-) [(V1-c®) (3% = 5x° + c“x + &°)

e 2

-X

o) -
2

l/_‘ ¢
_CZ [ (3 cos36 - 5S¢ c0526 + czcose + c3)de
0

y
{czv’l-c2 -%Cv’{ coslc+2+—-T}

2

'
i L

Hence

g,(e) = (cos™e + Vl—cz) (- %) [(Q-2¢c + 2c2)cos-lc - 33'- (2c% + gc + 4)yl-c? ]

-1

c+( c)»’{_—]

- % [(c+7—-—) cos

ot 2
-é’—n[czv/{-cz _%c/{-czcos c+(2+2— T)]
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p’iN m)C Qx

3
m N

TABLE 1

Section Parameters

0.2
0.0125

o

.00825 w

100 rad/sec
300 rad/sec

S0 rad/sec
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150

[es N & N e»]

(oo N &0 R em)

TABLE 2

System matrices:

.100000E+01
.200000E+00
.125000E-01

.250000E+04
.0
.0

0

0

O O0Oo

U=

. 2000Q0E+00Q
.250000E+00
.187500E-01

0
.250000E+Q4
.0

.250000E-Q1 -0.999999E-02

.9999938E-0Z -0.712499E-02

.580566E-03 =-0.473441E-03

.0

.0

g.0

0.0

0.0

.293400E+C4 0.251430E+Qu

.251430E+04 -0.147478E+QS

.157874E+04 (0.397441E+QS

0, ;B = Q

o 0O o

O 0o

.12500CE-01
.187500E-01
.625000E-02

.0
.0
.562500E+03

.580566E-03
J473441E-03

.557130E-Q4

.0
.0
.355226E+03
.89L246E+0L

.115730E+06

I3x3

3x3




Mio ~ O

3x3

-1, .
(I - A3) A =

TABLE 2: (continued)

0 0 0
-.0165 -.01485 -.00245
~.0006165 -.0005549 -.0000917
[
C)3x3 3x3
-.002943 2465.6  -451.0
.002457 -14636 - 3676.0 O3

-.05415 45319 -10u830
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TABLE 3
Modes and Eigen Vectors for U = 0

Eigen-values + 330.22 j

Eigen-vecters:

1.9 x 10”0
-2.8 x 107}
3.01 x 1073
+6.33 x 1073
To.2u x 10735
+9.257 x 10713

Eigen-values *+ 106.2 j

Eigen-vector
+2.357 x 1073
-8.75 x10°°
-4.25 x 1073
+2.50  x 107%]
7 9.297 x 107
-1

+

.51 x 10 7§

Eigen-values + 47.985 j
Eigen-vectors

2.00 x 10~
5.64 x 10°

2.39 x 10°
.61 x 10773

+1
w

+1
N

.70 x 10

Cde

+1
s

.15 x 10 73
152



FIGURES



PAGE
INTENTIONALLY
LEFT
BLANK



] l
-1 2 1 l+ut

Figure 1
Airfoil geometry
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Figure 8
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